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STOCHASTIC DUELS WITH DISPLACEMENTS (SUPPRESSION)!
BY
G. TREVOR WILLIAMS?

ABSTRACT

The stochastic duel is extended to include the possibility of a near-miss
on each round fired, which causes the opponent to displace. During dis-
placement, the displacing contestant cannot return the fire but is still
a target for his opponent. An alternative interpretation of this model
is to consider the displacement time as the time a contestant's fire is
suppressed by his opponent's fire and that he does not move but merely
ceases fire temporarily. All times are exponentially distributed.
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Some earlier work has considered mobility by incorporating varying projec-
tile time of flight, [1] and [2], or by varying hit probability, [3], [4],
and [5]. Some very simple models where the contestants displace upon
receiving a near-miss are provided in [6], [7], and [8]. In this paper,
we consider a more general situation of the Tatter type.

NOTE: The numbers in brackets pvertain to the references listed at the end
of the paper.

In general, most earlier studies of stochastic duels have not considered
an interaction between the two contestants, A and B. That is to say, the
same results would have been effected if each fired separately at his own
target in two different localities and they subsequently compared their
times to score a kill, having previously agreed that the quicker of the
two would be the winner. We shall now consider a duel where A's behavior
is contingent upon B's, and vice versa.

We assume, as usual, that both duelists begin to load and fire simulta-
neously, but we now add the pocssibility that one or the other may score

a near-miss, the effect of which on a duelist is to make him move to a
new firing position. We may imagine that if he did not move, he would
immediately be killed since his opponent has now gotten his range. During
his displacement time, he is subject to fire from his opponent but cannot
return it. We assume that the probabilities of a near-miss and a kill
are the same from round to round and that once a duelist has displaced
because of a near-miss, he proceeds to load and fire as before. His dis-
placement and firing times are random variables whose probability density
functions are known and are not necessarily the same.

An alternate interpretation that may be useful is as follows: Upon receiv-
ing a near-miss, the duelist merely seeks cover in his present position and
ceases fire for a period of time equal to the corresponding displacement
time, i.e., merely interpret displacement time as fire-suppression time,
and the model is a fire-suppression model as it stands.

Our first step is to eliminate from conside-ation all complete misses on
both sides. We are thus left with a series of near-misses that form, so

to speak, a succession of turning points on which the duel hinges. It does
not matter which of the duelists scores a near-miss since it still inter-
rupts the course of the duel. We thus make a 1ist of when the near-misses
occurred and who scored them. Ultimately, the duel ends on a near-miss
which was actually a kill.




We introduce the following notation. Let

PAA = the conditional probability that A scores the
next near-miss given that A scored the last one

Pag = the conditional probability that B scores the
next near-miss given that A scored the last one

and similarly for PRA and Pgg* Then, we plainly have

Pap * Pag = Pgp * Pgg = 1 -
Next, let
Pp = the unconditional probability that A scores a
near-miss on any round
kA = the conditional probability that A scores a kill

given a near-miss

that is, on any near-miss, a kill may or may not have occurred, and

kApA = the joint probability of a near-miss and a kill
or just simply a kill
Also, let
qp = 1 - Pp = the probability that A misses entirely
on any round
and
ZA =1- kA = the conditional probability that A does

not score a kill given a near-miss

0f course, there is an identical set of notation for B. We further
let

PoA = the probability that A scores the first near-miss
Pog = the probability that B scores the first near-miss
so that

Poa * Pog = |

(7)

(8)




1 |
and we call
B (A) = the probability that A kills, for the
first time, on near-miss number n (10)
10
R (B) = the probability that B kills, foi the
first time, on near-miss number n
Then, the probability, P(A), that A wins the duel is
PM)=¥P“M |
ne ]
and similarly for B (11) j
P(B) = 2P, (B)
ne)
also, P(A) + P(B) = 1.
Clearly, when n = 1, we have
' P1(A) = pOAkA and P](B) = pOBkB ? (12)
Now, the probability that A scored a near-miss on round n-1 but did not
[/
ki1l is given by EA-Pn_](A) since Pn_1(A) includes a factor kA for the
A
ki1l on round n-1, which factor must be replaced by Ip if there was no
kiTl. Thus,
; In lg 3
Pn(A) = kA pAA 'q Pn_](A) + pBA -k_B— Pn_] (B) (13)
I

provides the two near-miss situations on a given round that can lead to
a kill by A on the next round. Hence,

)
) A
Pr(A) = 2y Ppp Prq(A) + T Pgp g Pa-1(B) (14)
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and similarly,
‘s
Kn

P_(B) P

n8) = lg Pgp (B) + 7y ppg

n-1 Ph-1(A) . (15)

Summing both sides of these simultaneous difference equations from 2 to «
and making use of Equations (11) and (12), we find that

k
. A
P(R) - Popky = Ty Pay PIA) *+ Zg Pgp £ P(B) (16)

and
kg
P(B) - pOB kB = ZB pBB P(B) + ZA pAB E;P(A). (17)
When we solve these two equations simultaneously for P(A), we obtain

ky (Pop kg * Zg Pgp)

P(A) = (18)
kg = Zp Ppa kg * g Pga K
with a corresponding expression for P(B). By using Notations (1), (2),
and (7), it is easily shown that the denominators of P(A) and P(B) are

equal.

Now, adding the numerator of P(A) to that of P(B), we find

Kn kg Pop * kp Zg Ppp * kp kg Pop * Kg Zp Ppg
which, by using Equations (2) and (9), is eaual to

ky kg * Ky Zg Pgat kg Za - kg Ta Pan .
And now, using Equation (7), this is equal to

k k

Bt Kn s Poa kg I Pan

which is equal to the common denominator of P(A) and P([), thus checking
that P(A) + P(B) = 1.

Now, assume that A's firing time is exponentially distributed with niean ?/rA
(rA is A's rate of fire), and his displacement time is also an exponential
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with mean Spo and similarly for B. Then, by exactly the same reasoning

as used in the fundamental duel, Reference [9], to arrive at the first
kill, the probability that A makes the first near-miss, PoA’ is

PATA
Pk ™ BTy * Pglp i
Also, from Notation (1),
Pap = PLTy < Tg + Dg] (20)

where

—
il

A random variable time between A's near-misses

—
1

B time between B's near-misses

o
n

B B's time to displace .

This expression accounts for the fact that after A scores a near-miss, he
proceeds to fire again, whereas B must first displace and then fire. And,
as we have already seen, when the probability of the event (near-miss) is
PA and the firing time is exponential with mean ]/rA, then the time to

score a near-miss is exponentially distributed with mean l/pArA. Again,
we may use the of the fundamental duel to obtain this probability (pAA)
by noting that the characteristic function of TB a7 DB is simply the
product of their individual chatacteristic functions. Hence,
Dals Poto du
PR w e SNt (21)

Znt (pArA £ iu)(pBrB - 2u) (1 - i&Bu)u
k

and using residue theory, we have

pata (1 # pars & * Paly 8)

p = -
AA (pArA + pBrB) i1 # pArA GB)
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and similarly,

N PaTA
(Para * Pgrg) (1 + pgry )

Pga (23)

When we substitute these results into Equation (18), we obtain after a
little algebra

kpParall + parp 83)(1 + kgpgry 4,)

P(A) = . (24)

kpPaTall + parg Sg)(1 + kgagrg 6) + kgpgra(l + pgry 6,1(1 + kppary og)

It is interesting to note that if kA = kB = 1, then all near-misses are

really kills, and Equation (24) reduces to the solution for the fundamental
duel with exponential firing times, Reference [9], and the same result
occurs if §p = 6 = 0 (zero displacemant), as it should.

The expression in Equation (24) is unwieldy since it contains eight para-
meters. If we define

Pg = PgTg
Pp = PaTa

then Equation (24) becomes

D ky Py (o + kg Pe)(1 + D Pp) (25)
kp D P(D + ky Pg)(1 + D Pp) + kg PR(D + PL)(1 + ky D Py)

P(A) =

vwhich reduces the parameters to only five.
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